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Abstract. Steady state rates and time lags for binary homogeneous nucteation of sulfuric acid-water
aerosols in aircraft wakes are caleulated for relative humidities lower than 100%, i.e., for the case
in which no visible contrails form. Formation of the sulfuric acid-water aerosol is shown to depend

sensitively on the concentration of sulfuric acid derived from engine exhaust. Nucleation of the
sulfuric acid-water aerosol is found to be controlled both by the steady state tate and by the time
lag on the timescales relevant to contrail formation. Only for the highest gas-phase acid
concentrations are the nucleation time lags sufficiently short that steady state conditions pertain,

Introduction

Civil aviation releases various components that can affect
natural atmospheric processes. Perturbations of tropospheric
chemistry by these effluents may contribute to anthropogenically
induced climate change if they are large encugh to modity the
Earth's radiative budget balance, either directly by invreasing
“greenhouse” gases or inditectly by altering cloud formation
processes at (light altitudes. ‘

Emissions of water vapor, sulfur dioxide, and soot particles by
jet engines may induce the formation of new particles, ie.,
acrosols and contrails. Depending upon the climatic coaditions,
long-lived ice clouds may be formed by direct condensation of
water vapor on preexisting particles (mostly soot released by the
engines); these ice clouds may enhance the greevhouse effect
because of thelr high emissivity amd low albedo in the 1R and
V18, respectively.

In addition, the sulfur reieased by the engines may be
converted to aerosols by simultaneous nucleation of sulfunie acid
and watcr vapors (hereafter referred (o as binary nucleation). The
amount of acrosol formed with this process is unlikely to perturb
the radiative balance of the atmosphere through direct forcing.
However, it is generally believed that these newly formed
particles may act as nucleation centers for contrail formation and
may also act fater as cloud condensation nuclei (CCN}) Any
increase in the number concentration of these CCN has the
potential for increasing the occurrence and optical thickness of
clouds. Specifically, because the altitude of formation of cirmus
clouds coincides with the altitude of subsonic aircraft flights, an
indirect effect of aerosol formation is to increase the CON
concentrations {and possibly jce nuclei concentrations) at these
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elevations, possibly resulting in an increased concentration of
cloud droplets and ice crystals.

Several recent theoretical sindies [Micke-Lye er al, 1994,
Taleb and Mirabel, 1995; Brown et al., 1996] suggest that binary
necleation of H;S0, {(formed from the oxidation of $0,) and
water vapors occurs first in the wakes, [ollowed cventually
{depending wpon local meteorological  conditions) by
heterogeneous condensation of water either on these new particles
or on sool particles (or on their agglomerates (Kercier er ol
19931). These predictions, based on the classical steady state
theory of homogencous binary nucleation (including or not
ncluding hydrate formation), lead to the formation of an
extsemely high concentration of aerosols in the wake, namely,
10%-10" ¢m™ at an axial distance of about 1000 m behind the
engines.

The possible formation of theses acidic aevosols, first
suggested by Hafinann and Rosen [1978], has been supported by
several measarements [Plrchford et al, 1991, Frenzel and Arnold,
1994; Fahey er al, 1995]). More recently, the possible influence
of sul{ur emission (and resulting aerosol nucleation) on contrail
formation was investigated by Busen and Schumann (1995). For
this study they used a jet aircraft in which two engines were
burning fuels with different sulfur content (sulfur mass fraction 2
and 250 parts per million (ppm)) during the same flight. On the
basis of the above theoretical calculations une would expect that if
the acidic acrosols Torm fust in the wake, visible differences will
be observed between the two contrails (due to different particle
number densities, start point of contrail formation, and other
factors), which was not the case. However, in a later experiment
in which the sulfur content for one engine was as high as 5500
ppm [Schumgnn et al, 1996], ie, well zbove the standard
specifications, noticeable visual differences were observed
between the two contrails, caused by the different sulfur levels,
Hence the question of the impact of sulfur on contrail formation
has not been figlly resalved,
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However, a possible explanation of the observations of Busen
and Schumann {19951 or Schumann et o, [1996] relies on the
fact that the theoretical predictions are based on the steady state
nucleation theory to calculale rates. This hypothesis may be
invalid if the time needed to reach the steady state (time lag) is
comparable to or longer than the experimental timescale.

The objective of this study is to present some theoretical
developments on the influence of time lag on nucleation processes
in a wake. It will be shown that serosol nucleation rates are
greatly infloenced by the delay due to the time kg, Caleulations
ignoring this delay may be in error by several orders of
magnitude.

Method

All the developments presented here, as well as the previous
works cited in the infroduction, have been performed in the frame
of the "classical” theory of binary nuclesation. Although subject to
many shoricomings, this phenomenclogical approach js very
attraclive because it utilizes macroscopic measurables such as
surface temsion and chemical potentials in its prediction of the
nucleation rate. The classical binary theory was originated by
Volmer [1939] and given a more complete theoretical treatment
by Reiss {1950]. The theory was applied to the sulfiric acid-waier
mixtures by Doyle [1961], Kiang and Swauffer [1973], and
Mirabel and Katz 11974] and later improved by Heist and Reiss
[1974], Shugard and Reiss [1976], Jaecker-Voirol el al. [1987],
and Jaecker-Voirol and Mirabel [1988], who took into account
hydrate formation in the vapor phase. These and many subsequent
works confirm that exceedingly small amounts of salfuric acid in
the vapor phase are able to induce the nucleation of waler.
However, as we meniioned in the introduction, these predictions
rely implicitly on the existence of steady state nucleation
conditions. If the steady siate assumption is valid when the time to
reach the steady state is short in comparison with the timescale of
the experiment, it fails when the time lag becomes large, which
may be the situation for the formation of H;80,-H;0 acrosols in
aircraft wakes. In this case, transient behavior must be considered,
as was done, for example, by Schelling and Relss [1981b] in their
studies of this mixture, These aothors found that vnder some
specific conditions, predictions of the time lags in the H,S0,-H(O
system can be as long as seconds, if not tens of seconds, in
contrast to the much shorter Umescale (microseconds) obtained
for the nucleation of water alove.

In the following treatment, some specific simplifications,
applicable to the H,S0;-H,0 mixtre, will be made. First,
because of the very high dissymmetry between the vapor pressures
of water and sulfuric acid {about 10 orders of magnitude) found in
the atmosphere it is assumed that, between the incorporation of
sulfuric acid molecnles in a cluster, a cluster is in quasi
equilibrium with respect o exchange of water molecules [Mirabel
and Katz, 1974]. Second, we will assume that most of the acid
molecules in the gas phase are hydrated; a hydeate being
composed of / acid and A water molecules. Hydrates containing
kigher numbers of acid molecules are not considered bere, since it
has been shown previcusly that the 1,2 hydrates dominate the
others by several order of magniude [Jaecker-Voirol and
Mirabel, 1988].

Matrix Formulation for Relaxation Time
Distribution

Aceording to the above simphifications, the general differentinl
equation expressing the time dependence of the number density
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of a cluster containing § water and j acid molecules is [Reiss,
1930; Schelling and Reiss, 1981a; MeGraw, 1995]

&y

= e el (1)
where [ and J refer to the net currents due to addition of water and
acid molecules per unit volume, respectively. Assuming that the
quasi equilibrivm of water is established, the net enrrents J are
zero. Thus the time dependence of the number densitiss can be
written as

dfy; J
— =Jiia-
dt d / %)

The et rate of acid addition is

Jig =Vipdii Vi hijer (3}
where ¥, ;, 4 refers to the evaporation rate for loss of an acid from
an ij+1 cluster and v, is the collision rate betwesn a cluster of
size ,f and hydrates. Following Shugard er ol [19741, v;, s
given by an average over hydrate species:
vk
v, = (8n kT)% %0’;72 H;;’é Nis {4)

where o, is the sum of the radii of the colliding species, jy, is the
corresponding reduced mass, X 18 the Boltzmann constapt, and 7
is the wmperature. N, ; is the eguilibrium number density of Lk
hydrates Llaecker-Voirol and Mirabel, 1988). If the formation of
hydrates s ignored, as it was done in many previous studies,
equation (4} reduces o the collision frequency between the acid
molecules and the 47 clusters. Note, in connection with equations
(2) and (3}, that the addition and loss of hydrate species will also
change the water index (i), However, since water collisions
dominate, any contribution to changes in water index from
hydrate exchange will be insignificant in comparizson with the
fluxes due to exchange with water vapor itself. Consequenily, we
can neglect changes in the water index due to hydrate exchange
[Meliraw, 1993].

Evaporation rates, %, can be derived by using the
equilibrium (7;=0 ) detailed balance condition

ALY,
W4 Ni

Vgt =V o)

i+
where Ny , the equilibrivm number densitics of clusters 1, is
given by

Ny = Ny exp( -G AT, (6)

N, is the lotal number of molecular species in the vapor phase.
Since the nuraber density of water molecules ¥, far exceeds that
of acid molecules and of hydrates, N, = N, 4G} represents
the ree energy of formation of 4j clusters, including hydrates [see
Jaecker-Yoirol and Mirgbel, 1988].  Elimination of the
evaporstion rates wsing equation {6) and summation over the
water index () yields [Schelling and Reiss, 1981a]

l,'ff} ijlNi_j \f'i_le_f vjNi’
e g | 2L o il 4
di [ Ny, i N N, t;

i i
= Fiet
(N'} it

FAR

M

where the following quantities have been defined:
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f} = Xfi,f R N; = XN"’J' Vij = zvajNi,j
H 1 ]

This eyuation can be expressed in a matrix-vector form
(equation (8)), if we consider the usual Szilard boundary
condition, i.e., /i = N1 and fi/N; = 0, for large enough values of .

df
—=Kf +a
dr

Here, f = {’f,lfg,_,,,ﬁwujr is the poputation vector (jmax is the
maximum number of acid molecules considered per cluster). and
a={V; N, s 0, 0,..,0}is a constant vector dependent on the water
vapor concenfration, The tridiagonal matrix K contains the
coefficients appearing on the right-hand side of equation (9):

(8)

K, =iz Nid =Yl
Y Bt r L+
i N i Nur
v N v. N
I O R A2 it
Kf.fm |: N * N. :l ®
i i
Time-dependent  nucleation  properiies  follow  from the

eigenvalues and eigenvectors of a Hermitian matrix # obtained
through similarity transformation of K by a diagonal matrix:

H= -phegep? (10}

Elemenis of D are the Boltzmann factors (summed over I) in
terms of which equilibrium number densities are defined
(D =N/N). Since the transformation matrices are diagonal, the H
matrix has the tridiagonal band structure of K but is also in
symmetric form. Figenvalues of H defermine the inverse
relaxation times for the nonsteady nucleation process. The time
lag, defined as the inverse of the smallest eigenvalue, provides a
usefud measure of the time required to reach the steady state.

Note that in order to establish the nucleation timescale we
assume that the environmental conditions are constani over the
time interval necessary to achieve a steady state nucleation rate.
Specifically, the temperature, sulfuric acid concentration, and
water vapor concentration are {reated as constants in the analysis
of equations (73-(10). Thus the matrix clements of K and the
elements of the vector o in equation (8), which are derived from
these quantities, are constant. Elements of the population vector f
change with time, while the equilibrium number densities,
determined by the environmental conditions through the
Boltzmann disuibution {equation {(6)), are fixed, Once the
nucleation timescale has been obtained from the eigenvalues of H,
as described above, it can be compared with the timescale over
which significant changes in the environmental variables take
place in the wake. This comparison, carried out in the following
section, provides a rigorous basis for testing the validity of
assuming a steady siate nucleation rate.

The homogeneous nucleation rate at steady state J, is
caleulated nomerically [Shugard et al., 1974] as

-1

)

s = 2 11
iViN; v

Eguation (11} also resulis as the sieady state solution to
equation (8), which can be derived by setting the left-hand side of
eguation (8) equal to zero,

During the transition period of approach to steady state a
convenient closed form approximation to the nucleation rate can
be used [Shi and Seinfeld, 1990, Wyslouzil and Wilemnski, 1996}
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where A= 0.5 In(AG*(, )HF3KT), AG¥ij) is the formation free
energy barrier at the critical point and 7is the time lag,

Construction of the D, K, and H matrices requires knowledge
of a number of physical parameters as functions of temperature
and concentration. Among the most crucial data are the
differences of chemical potential berween the liguid and gaseous
phase for both constituents, the surface tension, the molar volume
of the solution, and the hydration constant of H,3Q, in the gas
phase. All these data have been taken from our previous work
Vaecker-Voirol et al., 1987, Jaecker-Voirol and Mirabel, 1988,
1984], except for the chemical potential of the liquid sulfurie
acid-water solution, which is now taken from a new compilation
by Taleb et al. [1996].

We consider clusters containing from 0 to ¢ acid molecules
(jmax = 6). This quantity corresponds to a reduced K matrix
dimension, also of 6, for use in equation (8). This is a sufficient
number of acids, as several articles have shown that under the
atinospheric conditions used here the critical clusters contain only
1 or 2 sulfuric acid molecules [Laaksonen and Kulmala, 1991,
Kircher er al, 1995]. Our piesent findings for the size of the
critical nucleus also support these results. In summing over the
water index (), required for evaluation of the matrix clements
appearing in equations (7) and (9), wo included all clusters
comaining up to 100 water molecules (max = 100) in size.
Eigenvalues of the symmetric tridiagonal & matrix  were
determined by using a computer subroutine from the LAPACK
mathematical lbrary. The inverse of the smallest eigenvalue
corresponds to the relaxation time 7 needed to reach a steady state
nucleation rate.

Results and Discussion

The above theory will now bo used to determine the time lag
nceded to achicve steady state nucleation rates for the typical case
of a subsonic aircraft flying near the tropopause. Specifically, we
consider a Boeing 767 equipped with two RB2I1 engines and
flying at midlatitude, as this case has been subject to an extensive
study under the AERONOX European programme |Schumans,
1995]. The tlight conditions at an altitude of about 10 km are 240
mbar total pressure, 220 K ambient lemperature, 28% relative
humidity, and an emission index for H,O of 1281 gkg of fuel.
Dynamical processes during the two first phases of the wake (the
jet and the jet/vortex  interaction) as studied in the AFRONOX
project result in the lemperature and saluration ratio profiles
depicted in Figure 1. Note that, under the chosen conditions, the
saturation ratio relative to water barely reaches a maximum of 1
{i.e., relative humidity of 100%) after 08-09 s and as a
consequence, no formation of visible contrail is expected.

The time lag as well as the steady state nucleation rate in the
binary system H;SO4-HoG is found below to depend very strongly
upon the concentration of acid molecules available 1n the wake.
Sulfuric acid is produced by the homogencous gas-phase
oxidation of the 50, released by eagine fuel burning. Oxidation
of 80, is driven by the reaction with OH sadicals and oceurs in
the jet regime, ie., in the first 0.1 s (first 30 m). This short
reaction time is due to the rapid consumption of OH radicals by
reactions with MO, leading to HNO,, HNO;, and NyOy. As a
consequence, only a small fraction of $0, is converted into
gaseous sulfuric acid. Typical conversion factors, deduced from
modeling studies, range from about 2% [Garnier, 1995} to 0.6%
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Figore 1. Evolution of the temperatuee T and of the water
saturation ratio 5 as a fanction of plume age (or the axial
distance), in the wake of a B767 jet engine.

[Migke-Lye et al., 1994; Brown ef al., 1996] ot 0.3% [Kdrcher et
al, 19951, However, recent in-flight measurements of volatile
aerosols for Concorde wake indicate much higher conversion
factors of 12% to 45% [Fahey e al., 19931,

In addition to the sulfur content of the fuel and conversion rate
of 80, acid concentrations are alse strongly affected by the local
flow dynamics, whick control the dilution factor and the
temperature.  The production of particles seems to occur during
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Figure 2. Evolution of the sulfuric acid number densities as a
function of plume age (or axial distance) in the wake of a
B767 jet engine. The labels in the figure correspond to the
initial number densities (10° o 10%cm™) assumed to exist 0.1
s after the exit plane of the nozzle.
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the first second of the mixing between the jel and the vortex, a
region of the weke that appears very difficlt o model. For
example, the dilution factor after 200 m as calculated by Miake-
Lye et al. (1994] for a BT07, or by Woods and Hills [1995] for 2
B767, is about 0.01, a value far below the estimate of Armold o
al. [1994], ie., about 0.3-0.35 as determined from their Figare 2.
These large discrepancies, which cannot be attiibuted solely to
differences in aircraft types and which may affect the acid
concentration by a factor of about 30, appear to be the major
source of uncertainty,

To incorporate the preceding uncertainties, we initialize the
H,50, number densities at values ranging from 10° to 10"en?® at
0.1 s after the exit plane of the nozzle (see caption for Figure 2).
These 4 orders of magnitede variation will cover the differences
in sulfur fucl concentraiion, conversion rate of SO,, and dilution
factors. The concentration 10 jem® corresponds approximately to
an emission index of 1 g/kyg for 30,, which in turng corresponds
to about 300 ppm of sulfur per kilogram of fuel, the
internationally maximum accepted value being 3000 ppm. In
addition, the dilution factor used in the AERONOX program has
been incorporated to provide the time variation of the acid
concentration shown in Figure 2.

Combining the data shown in Figure 1 (femperature and
‘saturation ratio for water) with the number concentrations for
H,80,; shown in Figure 2, we obtain the rate of nacleation as a
function of plume age {along the centerline) assuming hoth steady
state (equation (11}) and nonsteady state (equation {12)) binary
nucleation theory. These caleulations, shown in Figure 3, include
bydrate Tormation. Calculated hydrate distributions show that
about 99.99% of the acid molecules are bydrated with the
overwhelming majority of these being in the monohydrate form.
From Figure 3 one can see that from the highest to the lowest acid
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Figure 3. Homogeneous HyO-H,80, nncleation rates as 2
function of plume age (or axial distance) in the wake of a
B7&7 jet engine. Solid curves, steady state rate I, from
equation (11); dotted curves, nonsteady state rate I, from
equation (12). The labels in the figure correspond to the Initial
number densities of H,80, assumed to exist 0.1 s after the
axit plane of the nozzle. Note superposition of the solid and
dashed curves at the highest acid number density (10'%/em®).
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Table 1. Steady State Nucleation Rates J g, Time Lags © and Inverse of the Collision Frequencies

Hx80;, Jog {Maximum Nucleation
Number Densities,  Rate Including Hydrates), Time lag T, 1v.»,

Case molecules/om’ particlesfom’/s $ §

1 10 13x 107 125 141

2 107 23x10° n.1 13.8

3 16 2.6x 10" 12 14

4 10! 26x% 107 0.09 0.10

5 thik 26x% 10" 9.04 x 107 1.03 x 1072

loading considered, mucleation occurs after 0.1 t0 0.3 s (l.e., 25 to
75 my); the predicied nucleation rate passing throngh a maximum
at about 0.6 t0 0.9 5 {i.e, 1530 to 225 m) and then decreasing. A
more realistic medet would include particle growth, which would
lead 10 an even more rapid decrease in the nucleation rate due o
the additional depletion of acid molecules through condensation.
These findings are in good agreement with the recent study of
Karcher et al [1993], who, including growth and gas-phase
depletion, found that the nucleation period, assuming steady state
nucleation, is limited to a period of 9.2-1 s after exhaust from the
ongines.

In Table 1 we present the calculated time lags corresponding
to the maximum rates for the differeni mitial number densities of
acid listed in Figure 2. For example, in case 1 (lowest acid
loading) a rather large nucleation rate (steady state) of 1.3 x 107
particles/cm’ is predicted to oceur after 0.8 s, but a transient
period of about 125 5 would be necessary to achieve this rate. As
a result, appreciable nucleation will start much later than 0.8 s,
leading in turn to much lower rates, since after 125 s, dilution will
have reduced both the saturation ratio of water and the acid
concertration. As the number density of Ha80, increases (cases 2
through 3), the time ag is redeced. This behavior is expected,
since the time lag depends on the collision frequency of acid
molecules (or hydrates) with the 7} clusters. As can be seen in
Table 1, there exists a good correlation between the calculated
time tag and the inverse of the collision frequencies I/v,* with the
cluster of critical size. Only for cases 4 and 5 (highest acid
loading) are the time lags (0.09 s and § x 10" short enough that
the steady state asswmption vields acceptable particle nucleation
rates.

Conclusion

Steady state rates and tme lags for binary homogencous
nucleation were cxamined for a subsoaic alreraft flying near the
tropopause, under conditions for which no visible comtrail is
expected to form, i.c.. maximum relative mwmidities in the wake
below 100%. Except at the highest acid loading considered the
wake conditions were found to be such that the time lags for
nucleation exceeded the timescale (shown in Figure 3 1 be of the
order of 1 §) during which the most Tavorsble nucleation
conditions are reached in the plume. As 2 result the steady stare
assumption is generally not valid, and equation (11) cannot be
used (o estimate the nucleation rate.  Time-dependent  cluster
popalalions can be obtained within the framework of the binary
theory by direct integration of equation {8) for time-dependent
mairix K and vecior 4 or, equivalenily, from integration of
equation (7). Such detailed calculations, which are beyond the
scope of the present smudy, will likely be most useful a

intermediate acid foading (such as case 3 of Table 1), where the
time lag is comparable to the plume age for which the mest
favorable nucleation conditions are reached. Nonsteady state
nucleation rates can alse be estirmated through the wse of
approximations such as equation (12), Using the latter spproach,
we obtain the resulis shown by the dashed curves in Figure 3.

The matrix method described here wiilizes the physically
motivated appraximation that clusters establish rapid equilibrium
with the more abundant water vapor species present in the wake,
This quasi equilibrium approximation [Shugard et al. 1974;
Schelling and Reiss, 198141, which was shown to be quantitative
under atmospheric conditions [MceGraw, 1995], greatly reduces
the dimensionality of the mairix. In the present calenistions this
reduction ranges [rom the order of 600, corresponding to the total
number of binary cluster combinations containing up 1o 6 acids
and 100 waters, to the order of 6, corresponding to the maximum
anmber of acids in a cluster. The time lag was computed as the
reciprocal of the smallest eigenvalue of H rather than by the
variation method, which yields only a lower bound for thig
quantity. As a further check on the present calenlations we have
verified that the lowest eigenvalue and remaining cigenvalues of
H are in quantitative agreement with the smallest sigenvalues of
the full two-dimensional kinetics matrix under conditions for
which the complete cigenvalue distribution of this very large
matrix (of the order of several thousand) was obigined by other
methods (McGraw, 1995]. These smallest cigenvalues, which
govern the longtime relaxation behavior associated with the gain
and loss of sulfuric acid molecules in the fully binary caleulations
[MeGraw, 1995], are therefore projected out directly from the
reduced K matrix of equation (9} derived by nsing the quasi
equilibrium assumption.

Although the above calculations apply to wakes in which the
saturation ratio of water never exceeds unity, by slightly changing
the conditions, e.g. by increasing the relative humidity of the
background atmosphere, the wake can become supersanrated
with respect to water vapor, leading to the formation of "visilie"
conirails, In such cases these contrails form about 0.3.04 ¢
behind the engines and may result from  heferogenzsous
condensation on engine soot as well as on the sulfuric acid-water
aerosol. Depending ypon the concentration of sulfurie acid in the
wake (which in tn depends on the sulfur content of the fael},
appreciable production of acrosols will or will not precede the
formation of "visible® contrails. According to our calcalations, if
the concentration of HS0, is of the order of 10".10%em®, the
time lag effect is negligible, and a very high production of
acrosels will accur first in the wake. The pumber density of the
newly formied aerosol will exceed the number density of seot
particles {the latier of the order of 107em®) and thersfore can
influence the properties of the contrail particles (number
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densities), which form slightly Iater. These predictions seem to be
qualitatively in good agreement with the observation of Schumann
et al. {1996]. If, on the contrary, the acid concentration is much
lower (logmlﬂglcmg), the acrosoi is stiil generated first, but at a
much lower rate. The number of newly formed acrosols may then
be too small to compete with the activation of the soot particles
during visible contrail formation. Again this conclusion seems to
be {(gualitatively) in good agreement with the observation of
Busen and Schumann [1995]. Additional modeling studies, which
specifically address the competition between soot particles and
homegeneously nucleated sulfuric acid-water aerosol (o serve as
COCN under supersaturated water conditions}, are necessary for a
more complete comparison berween exparimental observation and
ileoretical predictions,
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